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Homogenization and diffusion
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• Many sensors detect differences in light intensity

• Homogeneous light intensity needed
Can be obtained by:

• Using a freeform optical system

• Diffusing light in nanophotonic medium

• Combination gives more freedom to designers

• Goal of WP-C
Understand how the combination works
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Freeform Scattering Optics
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• Combine light scattering with freeform optics

• Different technologies:

• Scattering: microscale

• Freeform optics: macroscale

• Multidisciplinary team:

• Physics: control light and optical 
processes in nanophotonic structures

• Mathematics: mathematical description 
of optical systems, 
numerical simulation
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WP-C: Homogenization and diffusion
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• C1 
Freeform optics with scattering
Vì Kronberg, TU/e

• C2 
Scattering with freeforms
Sudhir Saini, UT
Alfredo Rates, UT

• C3 
Homogeneous illumination
Robert van Gestel, TU/e



C1 Freeform optics with scattering
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• Goal: include diffuse reflection in 
inverse problem of optical design

• Idea:
• Diffuse target distribution given

• Subtract effect of scattering 
(maths: deconvolution)

• Solve freeform problem without 
scattering (WP-B)

• Large curvatures, little scattering
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C2 Scattering with freeforms
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• Start from scattering and add 
freeform effects

• First simple slab (1D)

• Extend to more complicated 
geometry

• Small curvatures, much scattering
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C3 Homogeneous illumination
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• Scattering elements can be used 
for homogeneous illumination 
but cause light loss

• Alternative: light guides

• Describe using Liouville's 
equation from Hamiltonian optics 
in phase space

• Accurate solver needed due to 
chaotic paths of light 
in light guide
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Deliverables
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C3 Homogeneous illumination
• Extension of active flux scheme to 4D phase space

• Design rules for non-extruded light guides

C2 Scattering with freeforms
• Analytic model of scattering in presence of freeform effects

• Scattering and design rules

C1 Freeform optics with scattering
• Rotationally symmetric design strategy

• Non-rotationally symmetric
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Symmetric disordered 
scattering media 



Outline

54

1. Multiple scattering 

2. Motivation

3. Deterministic Scattering Media

4. Symmetry and randomness 

5. Applications and Outlook 



Multiple scattering
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Diffusers slabs

B. D. Wilts, et al. Adv.Opt. Mat. 5, 1600879 (2017)

M. Burresi, et al. Sci. Rep. 4, 6075 (2014).

LED

1 µm
200 nm



Motivation

56

G. M. Conley, et al, Phys. Rev. Lett. 112, 143901 (2014) S. F. 

Liew et al, Opt. Exp. 19, 8208-8217 (2011). 

G. Jacucci et al, Proc. Natl. Acad. Sci. 117, 23345 (2020).

• Optimize scattering length 

scale (ls and lt) ? 

Fill fraction.

Refractive index 

contrast. 

• Directional scattering 

control ? 

Correlated disorder

?Symmetry 

Random TiO2



Deterministic disordered media

• lsc=2.6±1.5μm

Deterministic and controllable photonic  scattering media via direct laser writing, 

Marakis, Uppu, Meretska, Gorter, Vos & Pinkse, Adv. Opt. Mat. 2020, 2001438 (2020).
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Direct laser writing
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Symmetry & Randomness

plane wave 

illuminationy

x
z

Absorbing 

BC in +z 

periodic 

boundary 

cond.

periodic 

boundary 

condition

Multiple 

scattering 

medium

• Point scatterers. 

• Symmetry along y direction. 

• Illuminated in positive z-direction.

• Should work with white light!
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Intensity profile

Scalar Calculations by Gerwin Osnabrugge

y

x
z

x
Polarization?



Input polarization in x-direction
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Input polarization in y-direction
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Nanoscribe samples
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Experiments
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Laser 

illuminated

LED 
illuminated

Optical Setup



Applications?

 Contrast depends on manufacturing quality. 

y

x
z

x
• Test of manufacturing quality 

 Anticounterfeiting. 

 Emission control of embedded emitters 

in the mirror symmetric medium. 
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Outlook
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• More measurements: LED & Laser, Polarization.

• Better analysis, compare different structures.

• Mirror in two directions.

• Making a sample by engraving in glass.

• Emission of embedded emitters in the mirror 

symmetric medium. 

• Design and fabrication of correlated disorder 

systems.
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Focusing light through a 
free-form object



Wavefront shaping (WFS)
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I. M. Vellekoop and A. P. Mosk, Opt. Lett. 32, 2309–2311 (2007)
A. S. Hemphill, J. W. Tay, L. V. Wang, J. of Bio. Opt., 21, 121502 (2016)
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Currently, high-tech industry is developing a surge of novel devices that combine light scattering with free-formed 
optics, such as LED lighting, miniaturized satellites, metrology equipment for semiconductor industry and optically 
secured bank cards. Due to a lack of fundamental know-how on the combination of the tech-nologies, the devices are 

being designed by educated guesses, which limits progress and applications. 

Why free-form?

Currently, high-tech industry is 
developing a surge of novel devices 
that combine light scattering with free-
formed optics (…) Due to a lack of 
fundamental know-how on the 
combination of the technologies, the 
devices are being designed by 
educated guesses, which limits 
progress and applications. 
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Bottleneck: Moving particles inside the 
material

• Only slab geometries are discussed

• Changing in the geometry also plays a 
role

Does WFS works in a free-form material?

M. M. Qureshi, et. al., Biomed. Opt. Exp. 8, 4855–4864 (2017).
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Experiment

• Digital Micro-mirror Device 
(DMD)

• 530 nm laser

• Lee Holography method

71

Laser Telescope

Holography

DMD

M1

L5

CCD

Sample

L1 L2

L3

L4

71



Experiment
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TiO2 particles suspended in silicone
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Results – Fixed number of segments

73

B
ef

o
re

A
ft

er
73



Final results
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𝜂 =
𝐼𝑜𝑝𝑡

𝐼𝑟𝑎𝑛𝑑

• Changing number of 
segments without changing 
area

• Enhancement:
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Conclusions & Outlook

• WFS is as efficient in a free-form sample as in a flat, slab geometry

• How to quantify the effect of the curvature?

• Next steps: Realtime curving of the sample
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Computational illumination 
optics using Liouville’s equation



Introduction

77

Quasi-Monte Carlo ray tracing:

• Robust

• Slow convergence

Liouville’s equation based on:
• Conservation of energy and 

phase space volume (étendue)

Goal: compute light output efficiently

Optical systemLight input Light output (illuminance
or luminous intensity)



Optics in phase space
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<graphics>



Optics in phase space
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Light rays and Liouville’s equation
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Transport of basic luminance 𝜌:
𝜕𝜌

𝜕𝑧
+ 𝛻 ⋅ (𝜌𝒖) = 0

with velocity field 𝒖:

𝒖 =
1

𝑛2 − 𝑝2

𝑝

𝑛
𝜕𝑛
𝜕𝑞

basic luminance 𝜌 defined by:

𝜌 =
𝜌∗

𝑛
,

with 𝜌∗ the luminance [lm / m / rad]



Numerical method
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1. Divide phase space in 𝐾 finite elements (rectangles)
- moving elements: aligns elements with optical interfaces
- adaptive mesh refinement (AMR): high mesh quality

𝜕𝜌

𝜕𝑧
+ 𝛻 ⋅ (𝜌𝒖) = 0



Numerical method
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𝜕𝜌

𝜕𝑧
+ 𝛻 ⋅ (𝜌𝒖) = 0

1. Divide phase space in 𝐾 finite elements (rectangles)
- moving elements: aligns elements with optical interfaces
- adaptive mesh refinement (AMR): high mesh quality

2. Approximate the solution by a high degree (𝑁) polynomial: 
discontinuous Galerkin (DG)
3. Explicit one-step high order integration using Arbitrary 
Derivative (ADER)



Numerical method
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𝜕𝜌

𝜕𝑧
+ 𝛻 ⋅ (𝜌𝒖) = 0

1. Divide phase space in 𝐾 finite elements (rectangles)
- moving elements: aligns elements with optical interfaces
- adaptive mesh refinement (AMR): high mesh quality

2. Approximate the solution by a high degree (𝑁) polynomial: 
discontinuous Galerkin (DG)
3. Explicit one-step high order integration using Arbitrary 
Derivative (ADER)
4. Optical interface: corrections to non-local boundary 
conditions to ensure energy conservation 1

1:  R.A.M. van Gestel, M.J.H. Anthonissen, J.H.M. ten Thije Boonkkamp, W.L. IJzerman, “An Energy Conservative hp-
method for Liouville’s Equation of Geometrical Optics” Journal of Scientific Computing 89.1 (2021)



Numerical method
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𝜕𝜌

𝜕𝑧
+ 𝛻 ⋅ (𝜌𝒖) = 0

1. Divide phase space in 𝐾 finite elements (rectangles)
- moving elements: aligns elements with optical interfaces
- adaptive mesh refinement (AMR): high mesh quality

2. Approximate the solution by a high degree (𝑁) polynomial: 
discontinuous Galerkin (DG)
3. Explicit one-step high order integration using Arbitrary 
Derivative (ADER)
4. Optical interface: corrections to non-local boundary 
conditions to ensure energy conservation 1

1:  R.A.M. van Gestel, M.J.H. Anthonissen, J.H.M. ten Thije Boonkkamp, W.L. IJzerman, “An Energy Conservative hp-
method for Liouville’s Equation of Geometrical Optics” Journal of Scientific Computing 89.1 (2021)

Decrease error by increasing:
- 𝐾 number of elements
- 𝑁 degree of polynomial



TIR-collimator
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White region 𝑛 = 1
Gray region 𝑛 = 1.5



TIR-collimator: source
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TIR-collimator: result
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TIR-collimator: result
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TIR-collimator: result
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TIR-collimator: illuminance

90



Conclusions & Outlook
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• Liouville’s equation of geometrical optics

• Able to solve complex optical systems:
 high order efficient solution method
 obeys energy conservation

• Result for a TIR-collimator

Outlook:

• Add Fresnel reflections

• Extend method to 3D optics (4D phase space)



Deliverables
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C3 Homogeneous illumination
• Extension of active flux scheme to 4D phase space

• Design rules for non-extruded light guides

C2 Scattering with freeforms
• Analytic model of scattering in presence of freeform effects

• Scattering and design rules

C1 Freeform optics with scattering
• Rotationally symmetric design strategy

• Non-rotationally symmetric
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